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TECHNICAL MEMORANDUM X-53617 

ON MIXED REFLECTION OF SUNLIGHT 

W. H. Heybey 

George C. Marshall Space F l igh t  Center 

Huntsvi l le ,  Alabama 

ABSTRACT 

Light f a l l i n g  on an  engineering su r face  w i l l  be r e f l e c t e d  p a r t l y  
i n  a preferred d i r e c t i o n  (specular ly) ,  p a r t l y  i n  a d i f f u s e  manner. The 
s c a t t e r i n g  of the  l i g h t  energy i s  assumed t o  follow Lambert's cosine 
r u l e .  
f o r  such cases of mixed r e f l ec t ion .  A smoothness c o e f f i c i e n t  ( s  1) 
accounts f o r  that por t ion  of the r e f l e c t e d  energy that is r ad ia t ed  
specular ly .  A loss  coe f f i c i en t , a l so  5 1, gives  the f r a c t i o n  of the  
inc ident  energy that en te r s  i n t o  the r e f l e c t e d  l i g h t .  

The force  d i f f e r e n t i a l  act ing on an elemental sur face  is s e t  up 

Applications a r e  made t o  the sphere and i t s  motion under the  impact 
of l i g h t ,  and t o  the  c i r c u l a r  cone wi th  f u l l y  i l luminated curved su r face ,  
some r e s u l t s  being added when a shadow region e x i s t s  on it. 
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T " I C A L  MEMORANDUM X-53617 

ON MIXED REFLECTION OF SUNLIGHT 

STJMMARY 

I f  a n  elemental  su r f ace  is  exposed t o  s u n l i g h t  the  t o t a l  l i g h t  fo rce  
on i t  is the  compound e f f e c t  of three i n t e n s i t i e s  of which that of i n c i -  
dent  l i g h t  can be taken as the bas i c  measure. Only a po r t ion  of i t  w i l l  
be  r e f l e c t e d  (described by a loss c o e f f i c i e n t ,  K ) .  This po r t ion  i n  tu rn  
w i l l  u sua l ly  be r ad ia t ed  back i n  p a r t  specu la r ly ,  i n  p a r t  d i f f u s e l y .  
smoothness c o e f f i c i e n t ,  q ,  i d e n t i f i e s  the  f r a c t i o n  of i t  that follows the  
f a m i l i a r  mir ror  r e f l e c t i o n  law.  Lambert's cosine r u l e  i s  assumed f o r  the 
energy f l u x  d i s t r i b u t i o n  i n  d i f fus ion .  On t h i s  b a s i s  a n  expression f o r  
the  d i f f e r e n t i a l  of the l i g h t  force  is  der ived which must be in t eg ra t ed  
over t he  i l luminated p a r t  of the  surface.  
done i f  the  su r face  equat ion i s  known i n  a n a l y t i c  terms and i f  the  loss 
and smoothness c o e f f i c i e n t s  can be taken as cons tan ts .  

A 

This i s  more o r  l e s s  e a s i l y  

An a p p l i c a t i o n  t o  the  sphere shows that, unless  d i f f u s e  r e f l e c t i o n  
is p resen t ,  the fo rce  on it is t h a t  of incidence alone no matter what 
po r t ion  of the  energy is re rad ia ted  specular ly .  A non-homogeneous sphere 
w i l l ,  a s i d e  from following a s t r a i g h t  t r a n s l a t i o n  course,  i n  general  
c a r r y  out  a swinging motion about  an a x i s  through the  mass cen te r ,  except 
i n  s i n g u l a r  circumstances when the  i n i t i a l  torque is zero s o  t h a t  a 
r o t a t o r y  motion cannot develop. 

The fo rce  on a f u l l y  i l luminated c i r c u l a r  cone can be l a r g e r  o r  
smaller than the inc ident  force  alone,  depending mainly on whether t he  
opening angle  of the  cone is  l a rge  o r  small. The fo rce  moment w i l l  
tend t o  a l i g n  a homogeneous cone's a x i s  w i th  t h e  l i g h t  d i r e c t i o n ,  pro- 
vided that the  product qK is smaller than 0.6. I f  i t  is l a r g e r ,  su f -  
f i c i e n t l y  s lender  cones are unstable.  (The Apollo capsule is l i k e l y  t o  
be s t a b l e  if the  conical  p a r t  is f u l l y  i l lumina ted . )  

A numerical computation was car r ied  ou t  f o r  l o s s - f r e e  r e f l e c t i o n  
( K  = l), f u l l  i l l umina t ion ,  and the opening angle  of the Apollo capsule .  
I f  the  axis i n c l i n a t i o n  towards l i g h t  d i r e c t i o n  is increased , the  f o r c e ' s  
i n c l i n a t i o n  increases  a l s o ,  and does s o  a t  a f a s t e r  pace wi th  smoother 
su r faces .  With these ,  it a l s o  becomes l a r g e r  i n  magnitude. A t  a f ixed  
a t t i t u d e ,  the fo rce  depends on the  su r face  q u a l i t y ,  growing s t ronge r  
and less inc l ined  as d i f f u s i o n  grows more preponderant.  

I n  a concluding s e c t i o n  approaches o the r  than Lambert's r u l e  t o  
account  f o r  d i f f u s e  r e f l e c t i o n  a r e  b r i e f l y -  discussed.  



I. INTRODUCTION 

The energy of r e f l e c t e d  l i g h t  is smaller as a r u l e  than t h a t  of the 
incoming l i g h t .  P a r t  of the l a t t e r  may go i n t o  d i f f e r e n t  forms (hea t ;  
e l e c t r i c a l  energy),  another  p a r t  may be  t ransmi t ted  through a t r ans -  
parent  surface.  All l o s ses  of r a d i a n t  energy w i l l  be consol idated i n t o  
one f r a c t i o n a l  loss c o e f f i c i e n t ,  K ,  so t h a t  

Ir = K I i  

i s  the  f r a c t i o n  of the  inc iden t  i n t e n s i t y  that is preserved i n  the 
r e f l e c t e d  l i g h t  (0 5 K 5 1). 

Except i n  idea l  circumstances the  su r face  is rough r e l a t i v e  t o  
photon s i ze .  Experience shows t h a t  a po r t ion  only of the r e f l e c t e d  
energy res ides  i n  l i g h t  reemit ted specu la r ly ,  t h a t  is,, i n  such a manner 
that the sur face  normal b i s e c t s  the angle  between the  d i r e c t i o n s  of 
incoming and r e f l e c t e d  rays .  
be used to  descr ibe  the  i n t e n s i t y ,  Is, of l i g h t  r e f l e c t e d  specular ly :  

A smoothness c o e f f i c i e n t  q ( 0  5 q I; 1) w i l l  

Is = qIr .  

With q = 1, the r e f l e c t i o n  is i d e a l ;  w i th  q = 0, i t  is d i f f u s e  i n  i t s  
e n t i r e t y .  
w i th  engineering sur faces .  

Nei ther  of these  l i m i t i n g  va lues  w i l l  presumably be found 

Diffuse r e f l e c t i o n  is  usua l ly  taken as obeying Lambert's r u l e  
(which, by the way, s t e m s  from 1760). The t o t a l  s o l i d  angle  (a = 2n) 
above an  elemental su r f ace  is  divided i n t o  elements dR surrounding the  
su r face  normal. I f  one of these elemental  s o l i d  angles  makes the  angle  9 
with  the sur face  normal, the f l u x  of the  l i g h t  energy i n  i t  is assumed 
proport ional  t o  cos .9. It may be w r i t t e n  as 

d2@ = (A cos .9 dQ) dS 

where dS is the  area of the su r face  element and A is  a f a c t o r  of propor- 
t i o n a l i t y .  
coordinates cp, 9, r as depicted i n  f i g u r e  1. 

For the  i n t e g r a t i o n  one b e s t  uses  the system of sphe r i ca l  
I n  i t  

d R  = s i n  -8 d.9 dq, 

2 



Figure 1. Spherical  Coordinates 

so t h a t  the t o t a l  f l u x  given out by the  element dS becomes 

g t = M S  7 J y2s in  4 cos 4 d9 dcp = nhdS .  

T O  e o  
(3) 

Note that i t  is propor t iona l  t o  dS. 

I n  being reemitted l i g h t  moves i n  the  genera l  d i r e c t i o n  ( f igu re  1) 

* 
e = s i n  9 cos cp + 1 s i n  9 s i n  cp + k cos 4; - 

* 
Vectors a r e  denoted by underlined symbols. 
the  u n i t  vec tors  i n  the  x ,y , z -d i r ec t ions ,  r e spec t ive ly .  

For example, &, 1, k a r e  

3 



i t  exer t s  a force  whose d i r e c t i o n  is  opposi te  t o  2 and whose magnitude 
is given by 

1 d2@, 
C 

where c is the speed of l i g h t .  
reemission on the  element dS becomes 

The t o t a l  force  a c t i n g  through d i f f u s e  

according t o  expression ( 3 ) .  
i n t e n s i t y  r e l a t e d  t o  fd: 

On d iv id ing  through by dS one obta ins  an  

= 3 2 It = 7 2 (1 - q )  Ir. 
Id ( 4 )  

= - 3 dS 1 1 s i n  .9 cos 9 d.9 dcp (L s i n  -8 cos cp + i s i n  .9 s i n  cp 5 C 

+ & cos 9). 

On in t eg ra t ing  over cp the  i- and 1-components cancel .  Thus, 

The "diffusion" force  is  i n  the  d i r e c t i o n ,  -lc, of the i n t e r i o r  normal of 
the  sur face  element. Its abso lu te  va lue ,  

can be connected wi th  an  energy f l u x  normal t o  dS of magnitude 



The unknown f a c t o r  h i s  el iminated i n  t h i s  expression. Note that while  
i n  fact the e n t i r e  f r a c t i o n  It = (1 - q )  I, of the r e f l e c t e d  i n t e n s i t y  
is emit ted d i f f u s e l y ,  only p a r t  of i t  cont r ibu tes  t o  the a c c e l e r a t i n g  
f o r c e  on dS, s i n c e  the l a t e r a l  force  components cancel  (and thus may be  
s a i d  t o  merely produce s t r e s s e s  i n  the  su r face  element).  This is con- 
sequent  on the assumption made i n  the de r iva t ion  that Lambert's in tens-  
i t i e s  g ive  r i se  t o  a c t u a l  forces  a t t ack ing  the  element i n  the  d i r e c t i o n s  
-e. - 

11. THE LIGHT FORCE ACTING ON DIFFERENTIAL AND INTEGRAL SURFACES 

The i n t e n s i t y  of p a r a l l e l  (sunl ight)  r a d i a t i o n  is numerically iden- 
t i ca l  wi th  the pressure  of  l i g h t  on a surface placed normal t o  r a y  d i r ec -  
t i on .  For such sur faces ,  expressions (l), (2) ,  and (4) may a l s o  be  w r i t t e n  
as 

Ps = K s  Po (5) 
2 

'd 3 = - K ( 1  - q) Po. 

The pressure ,  pot of the inc ident  l i g h t  must be  taken from observat ion.  
I n  nearby space its value is very  small: 

4 dyne = 0.4583 x 10- cm2 . 
PO 

This f i g u r e  i s  a n  average, f o r  i n  f a c t ,  it v a r i e s  s l i g h t l y  w i t h  t he  
earth's d i s t ance  from the  sun. 

An element, dS, s i t t i n g  on an extended s u r f a c e  w i l l  no t  i n  genera l  
be perpendicular  t o  r ay  d i r e c t i o n .  If i t s  normal makes t h e  l o c a l  angle ,  
a, of incidence wi th  that d i r ec t ion ,  the magnitude of the  fo rce  on i t  
is ca l cu la t ed  as the  product o f  the pressure  wi th  t h e  pro jec ted  a r e a ,  
dS cos a. With inc ident  p a r a l l e l  l i g h t  t he  d i r e c t i o n  of the  f o r c e  is 
that of the rays which we may designate  by the  u n i t  vec to r  2. 
f o r c e  element engendered by the l i g h t  incoming a t  dS is g iven  by 

Thus, the 

d2zi = p dS cos a s  
0 

5 



that is, the force is  l a r g e s t  a t  normal incidence (a = 0).  It is zero 
with grazing incidence (a = 90"). This is not  s t r i c t l y  c o r r e c t  wi th  
rough surfaces  where a few peaks w i l l  s t i l l  be i l luminated.  However, 
t h e i r  projected a r e a  i s  small a t  l e a s t  of second order .  The e f f e c t  
can be  disregarded (here as wel l  as with a # 90"' 

With specular  r e f l e c t i o n ,  the force  is i n  a d i r e c t i o n ,  s',  opposi te  
t o  that of the  outgoing l i g h t  and aga in  makes the  angle  a with  the  
i n t e r i o r  normal u n i t  vec tor  2'. Since and E' a r e  a l s o  u n i t  vec to r s ,  
the  d iagonal ' s  l ength  i n  f i g u r e  2 i s  2 cos a. It follows that 

I n c o  

r-20 

Figure 2. The Direc t ion  2' 

Fina l ly ,  the  pressure i n  the  outgoing l i g h t  being ps,  the  elemental 
fo rce  produced by i t  becomes 

d2& = q K  po cos a dS ( 2 2  cos a - 2). 

E a r l i e r  it was found that, wi th  d i f f u s e  r e f l e c t i o n ,  the  fo rce  points  
i n t o  the d i r e c t i o n  of the i n t e r i o r  normal (a = 0"). The t h i r d  r e l a t i o n  
(5) then y i e lds  

2 
d2% = 7 K ( l  - 4 )  po dS 2 . (9) 



Expressions (71, (8), (9) add up t o  g ive  the  t o t a l  force  a c t i n g  on 
the s u r f a c e  element: 

I -  (- + q cos2a)] * 
- q K )  COS a t 2z K 

1 n l = k -  N 

with  

This formula s i m p l i f i e s  considerably i n  the  l i m i t i n g  cases of no r e f l e c -  
t i o n  a t  a l l  ( K  = 0) and of i dea l  specular  r e f l e c t i o n  ( K  = q = l), less 
so i n  the case of purely d i f f u s e  r e f l e c t i o n  (q = 0). It w i l l  be not iced 
that even wi th  grazing incidence (cos a = 0), t he re  is s t i l l  a non- 
vanishing force.  It is e n t i r e l y  produced by Lambert r e f l e c t i o n ,  dimin- 
i shes  wi th  i t  and disappears i n  the i d e a l  case q = 1. 
that wi th  s t rong ly  oblique incidence d i f f u s e  r e f l e c t i o n  is not  l i k e l y  
t o  fol low the r o t a t i o n a l  synunetry of the cosine law.  
d e f e c t ,  however, would seem t o  carry weight with plane su r faces  only 
where such incidence w i l l  extend over f i n i t e  areas. 

One may argue 

This poss ib l e  

For a p p l i c a t i o n  of the d i f f e r e n t i a l  (10) the su r face  i n  ques t ion  
is b e s t  given a pointwise representa t ion :  

The i n t e r v a l s  i n  which the parameters u and T move are determined by 
the  geometrical  shape of the  sur face .  On it, the curves CY = const .  
T = const .  a r e  coordinate  l i n e s  (not necessa r i ly  orthogonal t o  each 
o the r ) .  I f  the su r face  is composite, s e v e r a l  of such sets (11) w i l l  
have t o  be used. 

Once expressions (11) a r e  known the  components i n  the (x,y,z)-system 
of the  su r face  normal a t  any point ( u , ~ )  a r e  determinable:  

7 



The indices  here  s i g n i f y  p a r t i a l  d i f f e r e n t i a t i o n  (yo = %/do, e t c . ) .  
From geometrical  inspec t ion ,  t he  s igns  i n  formulas (12) can be chosen 
such tha t  the vec tor  ff = n s  + n d  + n& poin ts  toward the  i n t e r i o r ,  
t h a t  i s ,  toward the region sh ie lded  from l i g h t  rays  by the  elemental  
su r f ace  i t s e l f .  

The su r face  d i f f e r e n t i a l  dS is  g iven  by 

dS = N do  d7  . (14) 

I n  integrat iDg,  do and d.c must be def ined as p o s i t i v e  increments, because 
N and dS are pos i t i ve .  

A l l  geometric q u a n t i t i e s  appearing i n  the  fo rce  d i f f e r e n t i a l  (10) 
a r e  known from expressions (12),  ( 1 3 ) ,  (14 ) ,  including the  cosine of the  
l o c a l  angle o f  incidence,  as i t  i s  the  scalar product 

The l i g h t  d i r e c t i o n  g, is of course a given u n i t  vec tor .  

Shadow boundaries w i l l  o f t e n  e x i s t  on the su r face ;  t he  i n t e g r a t i o n  
then may use  only those p a r t s  of the 0- and a - in t e rva l s  t h a t  descr ibe  the  
i l luminated regions.  More d e t a i l  on t h i s  can be found i n  Aero-Astrodynamics 
Research Review N o .  4.  

Calculat ion of torques r equ i r e s  the determinat ion of the center  of 
pressure  for which a general  method is s e t  f o r t h  i n  the same paper.* 

By way of examples, the  d i f f e r e n t i a l  (10) w i l l  be in t eg ra t ed  f o r  
the sphere and the  c i r c u l a r  cone. The su r faces  a r e  considered non-trans- 
pa ren t  t o  avoid the complications a r i s i n g  through backside r e f l e c t i o n .  
Furthermore, i t  w i l l  be assumed t h a t  the  loss  and smoothness coef- 
f i c i e n t s  are constant  over the  e n t i r e  su r face ;  t h i s  means e s p e c i a l l y  
t h a t  they a r e  independent of the  angle  of incidence.  Otherwise, numer- 
ical  in t eg ra t ion  i s  ca l l ed  f o r .  

Jr 
W. Heybey, "On Radiation Pressure and Its E f f e c t s  on S a t e l l i t e  Motion," 
NASA TM X-53462, Apr i l  1966. 
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111. THE SPHERE 

I f  the sphere 's  cen ter  i s  a t  the o r ig in ,  the parameters (I and T 
can be chosen a s  the angles cp and 9 i n  the system of sphe r i ca l  coordin- 
a t e s  ( f igu re  1 ) .  The representa t ion  (11) assumes the form 

x = R s i n  9 cos cp 

y = R s i n  9 s i n  cp 

z = R cos 9 

where R is the r ad ius  of the sphere. A l l  points  of the  sphere a r e  
accounted f o r  i f  the parameters cp and 9 move i n  the i n t e r v a l s  

The coordinate  l i n e g  cp = const .  and 9 = cons t ,  a r e  the  c i r c l e s  of longi--  
tude and l a t i t u d e ,  respec t ive ly .  

Application of expressions (12) and (13) y i e lds  

Let  the p a r a l l e l  l i g h t  a r r i v e  d i r e c t l y  f r a n  above: 

- s = -k. 

Then 

cos a = fi 5 = cos a. 

The d i f f e r e n t i a l  (10) becomes 

d2g = p R2 s i n  9 dd dcp - k (1 - q K )  cos d - 21( (a 3 + q 
0 

(' s i n  9 cos cp + i s i n  9 s i n  cp + k cos 9 . )I 



The upper ha l f  of the sphere only is  i l lumina ted .  While one has 
t o  i n t e g r a t e  over t he  f u l l  n a t u r a l  i n t e r v a l  0 S cp 5 231, t h a t  of -8 mus t  
be cu r t a i l ed  i n t o  0 5 -8 5 d 2 ,  because a shadow boundary e x i s t s  a t  
-8 = x 1 2 .  

On in t eg ra t ing  over cp, the  &- and 1- cons tan ts  of the fo rce  vanish ,  
so  that 

d E  = - 2 x  po R2 s i n  -8 (1 - q K )  COS -8 + 2 K  (a + q COS.,> cos 211 k, d.9. 

I n t eg ra t ion  with r e spec t  t o  -8 y i e l d s  

This force has the  magnitude F and is i n  the d i r e c t i o n  -& of the incoming 
l i g h t .  I f  m is the mass of t he  sphere,  the center  of g r a v i t y  moves wi th  
the  speed v = (F/m)t i n  the d i r e c t i o n  (v = 0 f o r  t = 0) .  

For symmetry reasons the l i n e  of a t t a c k  coincides wi th  the zeni th-  
nadi r - l ine .  Any sphere whose mass center  i s  on t h a t  l i n e  experiences 
no torque; a homogeneous sphere the re fo re  cannot be s e t  i n t o  r o t a t o r y  
motion a t  a l l  through the fo rce  exerted by the l i g h t ,  no mat te r  from 
which d i r e c t i o n  i t  a r r i v e s .  

Suppose, however, t h a t  the sphere is divided by a plane,  y = y*, 
p a r a l l e l  t o  the (z,x)-plane such that l e f t  of i t  the  mass dens i ty  i s  
smal le r  than r i g h t  of i t  ( f i g u r e  3 ) .  The mass c e n t e r ,  G,  w i l l  then be 
a t  a d i s t ance  y 
a moment 

> 0 on the  y-ax is .  A t  t = 0, the sphere is  s u b j e c t  t o  
g 

which seeks t o  r o t a t e  the body about a n  &-axis p a r a l l e l  through the  mass 
cen te r  and thus moves the geometric cen te r ,  C, of the sphere through, say,  
an angle  AI) from i t s  o r i g i n a l  s e a t  a t$ .  
tude and d i r e c t i o n ;  however, i t s  arm GC is  now 

The fo rce  (17) r e t a i n s  magni- 

-ag cos AI) - ky s i n  AI), 
- g  
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Figure 3. Inhomogeneous Sphere 

so that the moment becomes 

= L y g  F cos A$ . 

It i s  s t i l l  i n  the  i - d i r e c t i o n ,  which is a l s o  the d i r e c t i o n  of a pr in-  
c i p a l  a x i s  of i n e r t G  through the mass center  G. 
f o r e  be a mere r o t a t i o n  about t h i s  a x i s  (no tumbling occurr ing) .  Let T 
denote the moment of i n e r t i a  r e l a t i v e  t o  the  a x i s  of r o t a t i o n .  

The motion w i l l  there-  

With a f i n i t e  angle  q, that is ,  a t  a given time t during the motion, 
the absolu te  value of the moment, M = y F cos q, appears  i n  the  equa- 
t i o n  of motion g 

where A = y F/T is a pos i t i ve  quant i ty .  g t i o n  may be w r i t t e n  as 
Pu t t ing  d$/d t  = w, t h i s  equa- 

11 



s o  t h a t  a f i r s t  i n t e g r a l ,  wi th  $ = 0 and w = 0 f o r  t = 0,  becomes 

Further  i n t eg ra t ion  shows t t o  be a n  e l l i p t i c  i n t e g r a l  s imi la r  t o  the 
i n t e g r a l  that occurs wi th  the motion of a pendulum. I n  wr i t i ng  t h e  
s o l u t i o n  down l e t  it be r eca l l ed  t h a t  t he  Jacobian e l l i p t i c  func t ion  
s inus  ampli tudinis  (sn z )  has the  r e a l  period 4K and takes  on the  
values  O , l , O , - 1  f o r  z = OyK,2K,3K, r e spec t ive ly .  With i ts  a i d  the 
dependence of  t h e  angle  $ on t i m e  may be  given as 

sn2 (at> 
s i n  I) = 

2 - sn2  (6 t)  

The angular v e l o c i t y  then becomes 

The modulus c h a r a c t e r i s t i c  f o r  the  func t ion  here  is  k = l/n, s o  t h a t  

K = 1.8541, 

as can be found from a t a b l e  of  the  complete e l l i p t i c  i n t e g r a l s .  

Now, a t  t = 0, Jr = 0 and w = 0. A s  time proceeds, the  angular  
v e l o c i t y  a t t a i n s  p o s i t i v e  values  up t o  a maximum J Z  a t  $ = 90' (a t = K ) ,  when the sphere ' s  o r i g i n a l  r ight-hand extremity is now on 
top and the torque % h a s  become zero  ( the  mass cen te r  being on the l i n e  
of a t t a c k ;  cos $ = 0) .  I n e r t i a  c a r r i e s  the motion on; a torque then 
a p p e a r s  i n  the  negat ive i - d i r e c t i o n  and causes dece le ra t ion .  The 
angular  ve loc i ty  decreases  t o  the  value w = 0 a t  $ = 180" (a t = 2 K ) ,  
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where t h e  "negative" torque has i t s  g r e a t e s t  abso lu t e  va lue  and succeeds 
i n  r e v e r t i n g  the  s i g n  of the angular ve loc i ty .  
follows which takes the v e l o c i t y  through negat ive values  , u n t i l  a t  
& t = 4K the  i n i t i a l  pos i t i on  and v e l o c i t y  a r e  a t t a i n e d  a second time. 

A r e t u r n  ha l f -cyc le  

Since the  quan t i ty  

can be expected t o  be very small, e s p e c i a l l y  w i t h  apprec iab le  sphe e 
mass, t h i s  swinging motion w i l l  o f ten  be slow. 
is of  t he  order  10'' l / s e c ,  the time needed t o  accomplish a f u l l  cycle  
would be 4K x l o 5  s e c  o r  somewhat more than 8 days. 

I f ,  f o r  example, d f  

I n  add i t ion ,  o ther  small torques may be opera t ive  (through micro- 
meteor ic  impact, the  g r a v i t y  grad ien t ,  aerodynamic fo rces )  which may 
lead t o  a slow gyroscopic (tumbling) motion a f t e r  a l l .  

If the fo rce  has the  genera l  d i r e c t i o n  s ( ins tead  of -lc), we may 
introduce the  k -d i r ec t ion  i n  such a way that-2 i s  i n  the  (y,z)-plane.  
It is then not-hard t o  show t h a t  q u a l i t a t i v e l y  the motion i s  the  same 
as before  (assuming aga in  that Jr = w = 0 f o r  t = 0 ) .  
cases where = k i, no r o t a t o r y  motion a t  a l l  is i n i t i a t e d  f o r  l ack  of 
a moment a t  t = 0. 

I n  the  except ional  

Expression (17) shows t h a t  the fo rce  takes  on a p a r t i c u l a r l y  s i m p l e  
form f o r  a t o t a l l y  absorbing surface ( K  = 0 ) .  This i s  t o  be expected, 
s i n c e  the sphere then moves under the s o l e  impact of i nc iden t  l i g h t .  
More remarkable is the  f a c t  that the s a m e  r e s u l t  ob ta ins  i f  t he  su r -  
f ace  is a p e r f e c t  mir ror  (q = 1, K a r b i t r a r y ) .  Quite r ega rd le s s  of 
w h a t  p a r t  of the energy goes i n t o  the  r e f l e c t e d  l i g h t ,  t he  fo rce  is  
always due t o  incidence alone.  One can indeed s e e  from expression (16) 
t h a t  t he  v e r t i c a l  (k-) components of the  forces  d2Er cancel a t  su r face  
poin ts  that l i e  45" a p a r t  on a meridian. The l a t e r a l  components cancel 
a t  po in t s  180" a p a r t  on a c i r c l e  of l a t i t u d e .  The n e t  force  exerted 
through specular  r e f l e c t i o n  is therefore  zero.  
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I V .  THE CIRCULAR CONE 

I n  f igure  4 it is assumed t h a t  the  l igh t ,  a r r i v i n g  from the l e f t  
and back, determines the (x,y)-plane wi th  the  cone (y-) a x i s .  I ts  

Figure 4 .  Cone Geometry 
x ,  1 

d i r e c t i o n  is then given by the u n i t  vec to r  

s = s i n  p + ;i cos p - 

where f3 i s  counted a p o s i t i v e  angle  (negat ive va lues  would a s s i g n  a 
backward component t o  the  l i g h t  d i r e c t i o n  wi th  no e s s e n t i a l  consequences 
f o r  the  desc r ip t ion ) .  Let us consider  the case of f u l l  i l lumina t ion:  

p 6 w. 

The parametric r ep resen ta t ion  of the curved s u r f a c e  may be w r i t t e n  as 

x = Ro s i n  a 

y = Lo 

z = R a  cos a 
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where 

a r e  the n a t u r a l  i n t e r v a l s  needed f o r  f u l l  coverage of the sur face .  The 
normal t o  the  cone coordinate  l i n e s  u = cons t . ,  a = const.  are c i r c l e s  

res  pe  c t ive  1 y . a x i s  and the generat ing l i n e s  , 

Since 

YO =a 

ya za 
= -LRa s i n  z, = -LRu COS a, 

i t  follows from the genera l  expressions ( 1 3 ) ,  (12) and (15) that 

N = R u W = -  RLO 
cos w 

nl = - s i n  a cos w, n2 = s i n  w, n3 = -cos a cos w 

cos a = - s i n  a cos w sin @ + s i n  w cos @. 

With these  r e s u l t s  and the area d i f f e r e n t i a l  (14) the fo rce  element 
(10) becomes 

(1 - q k ) ( i  sin @ + ;i cos @)( - s in  a cos w s i n  @ 
Po RLO 

d2F = cos w 

+ s i n  w cos p) + 2 ~ ( - i  s i n  7 cos w + ;i s i n  w - & cos z cos w) 

I). * [+ + q ( - s i n  a cos w s i n  @ + s i n  w cos 812 
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I n  in t eg ra t ing  over the n a t u r a l  a - i n t e r v a l  the f a c t o r  1/ 2 appears.  
Since the parameter a a l s o  moves i n  i t s  f u l l  i n t e r v a l  0 5 a s 221 (no 
shadow boundary being admi t ted) ,  a l l  7-quadratures lead ing  t o  tr igono- 
me t r i c  functions alone r e s u l t  i n  zero. The f i M 1  outcome is l e s s  
involved than might have been expected: 

- F = 31po R2 {L s i n  p COS p (1 + qk COS 2w) 

r -. 

The cone length  L appearing i n  the  fo rce  d i f f e r e n t i a l  has been replaced 
here  by R cotg w. 

It i s  seen t h a t  wi th  q = 1, expression (18) s t i l l  contains terms 
involving the  loss c o e f f i c i e n t  K and t h a t  t he re fo re ,  o ther  than w i t h  
the  sphere, the fo rce  continues t o  depend on the  q u a l i t y  of t he  r e f l e c -  
t i o n .  It i s  not equal t o  the force through incidence alone: 

F. = wo R~ cos p (i s i n  p + i cos p) (19) -1 

except i n  t h e  t r i v i a l  case where the re  is no r e f l e c t i o n  ( K  = 0). Its 
abso lu te  value is o f t e n  smal le r  than that of Ei, e s p e c i a l l y  wi th  s l ende r  
cones, with which the fo rce  through specu la r  r e f l e c t i o n  has a s t rong  
component opposite t o  the a x i a l  component of t he  inc iden t  fo rce .  
s i d e r  zero incidence where 

Con- 

whi le ,  by expression (18) 

When 

2+q 
6q ' 

cos2w > 

< IEil. I n  the i d e a l  case q = 1 the  condi t ion  becomes (I) < 45" .  
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Clear ly ,  r e f l e c t i o n  not  a lways  s t rengthens  the force  as one might 
be l ed  t o  be l i eve  by i n c o r r e c t l y  general iz ing f l a t  p l a t e  r e s u l t s .  

F a i r l y  extended ca l cu la t ion  is necessary t o  l o c a t e  the  cen te r  of 
pressure.  It is found a t  

1 ++ 
-3 

O y  yk = 1 + qK cos 2 w  
x* = z* = 

Its p o s i t i o n  does n o t  depend on the angle  f3, b u t  i t  is v a r i a b l e  wi th  
the  cone angle .  
t he  t i p  wi th  increas ing  base radius;  i f  w reaches a va lue  M 35'15' 
(cos 2 w  = 1/3),  i t  r e s ides  a t  base center .  

When the  cone length is f ixed ,  it moves away from 

For a homogeneous cone the  mass center  is a t  

3 
x = z  = o ,  Yg = 3 L. 
g g  

The s t a b i l i t y  condi t ion,  y* > yg, t e l l s  that most cones a r e  s t a b l e  
except  the s l ende r  ones f o r  which 

'4 * 1 + 2K cos 2w 

As long as qK < 0.6, the  cone motion is  s t a b l e ,  i n  p a r t i c u l a r  w i th  a 
non-ref lec t ing  su r face  (K = 0) and wi th  completely d i f f u s e  r e f l e c t i o n  
(q = 0).  
provided i t s  t i p  angle  i s  s u f f i c i e n t l y  small ( s i n  w < 1/3, w < 19.5'). 

Idea l  specular  r e f l e c t i o n  ( K  = q = 1) renders  a cone uns tab le  

The torque about the  center  of pressure  i s  found from 

which expression 

M, = w0 R ~ L  
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This formula, as the force expression (18), is v a l i d  only wi th  a f u l l y  
i l luminated cone, i . e .  , f o r  p 5 w. Once the angle  p is i n s i d e  t h i s  
reg ion ,  it w i l l  remain the re  provided the motion is s t a b l e .  
p w i l l  eventually exceed w. 
a r i s e  with the presence of a shadow boundary on the  cone s impl i fy  f o r  
a non-reflecting su r face ;  one f inds  t h a t ,  w i th  p 2 w, t he  motion is 
s t a b l e  here as long as t a n  w cotg p > 0.17. 

Otherwise, 
The much more complicated expressions which 

I n  the case of the Apollo capsule where w x 33', t h i s  complication 
is not l i k e l y  t o  occur*, a l though it is no t  a homogeneous body. Once 
the  t i p  points i n  the  genera l  d i r e c t i o n  of the sun s o  that the conica l  
p a r t  of the su r face  is e n t i r e l y  exposed t o  s u n l i g h t ,  the torque pro- 
vided by the l a t t e r  should tend t o  a l i g n  the cone a x i s  wi th  l i g h t  d i r e c -  
t ion .  It would be expected t h a t  the same tendency p r e v a i l s  i f  a narrow 
t r i angu la r  shadow zone e x i s t s  on the su r face .  However, w i th  a wider 
such zone, a d e t a i l e d  mathematical i n v e s t i g a t i o n  is  c a l l e d  f o r ,  which 
a l s o  would have to  allow f o r  the forces  t h a t  a t t a c k  the  i l luminated 
p a r t s  of the base cap. 

I n  order t o  s t u d y  the behavior of the l i g h t  fo rce  a c t i n g  on a f u l l y  
i l l u m i n a t e d  cone,a computer program** was r u n  which assumed l o s s l e s s  
r e f l e c t i o n  ( K  = 1). The angle w w a s  taken as 33' (Apollo capsule) .  
The remaining parameters then a r e  the smoothness c o e f f i c i e n t  q and the 
angle p ( 5  w) of o v e r a l l  incidence. The r e s u l t s  can be summarized as 
f 01 lows : 

(a) p = const .  The force increases  wi th  the smoothness 
c o e f f i c i e n t  decreasing from 1 t o  zero ( i n  the approximate 
r a t i o s  1:3, 3:5 a t  f3 = O', f3 = 33").  Its i n c l i n a t i o n  
towards the cone a x i s  decreases (except at '  p = 0 where i t  
i s  always zero) .  The maximum decrease occurs a t  p = 33" 
(from 45.75' t o  18.44'). I n  s h o r t ,  increas ing  d i f f u s i v i t y  
renders the fo rce  s t ronger  and l e s s  inc l ined  towards the  
cone a x i s .  

(b) q = const.  The i n c l i n a t i o n  of the fo rce  increases  wi th  
p (from 0 t o  18.44' a t  q = 0, from 0 t o  45.75' a t  q = 1). 
I t s  magnitude decreases i f  q < 0.5 ( i n  the r a t i o  7 :6  f o r  
q = 0 ) ;  i t  increases  i f  q > 0.5 ( i n  the r a t i o  2:3 f o r  
q = 1). With q = 0.5 the re  i s  a n  i n s i g n i f i c a n t  fo rce  
maximum a t  f3 = 25", the whole v a r i a t i o n  amounting t o  l e s s  
t h a n  1 percent i n  the f u l l  range 0 5 p 5 w. 

* 
There i s  no value of qK ( S  1) that would s a t i s f y  condi t ion  (20), as 
cos 2 w  = 0.4. 

** 
Se t  up by James E .  Mabry. 

18 



With the opposite extreme of K ( K  = 0) ,  the behavior of the fo rce  
does not  depend on w and is d i r e c t l y  seen from expression (19). 
ang le  wi th  the cone a x i s  is always f3, and i t s  abso lu te  va lue  decreases 
as p moves from 0' t o  w. 

Its  

I f  f3 exceeds w, expression (19) f o r  w = 0 must be replaced by 

1 a +  2TS 
cos p + s i n  f3 cotg w cos T 

S 
F F = p R2(i - s i n  f3 + i cos p) -i 0 - 

where the r e l a t i o n  

s i n  T = tg  w cotg f3 
S 

def ines  the two s t r a i g h t  shadow boundaries T = T~ 

I n  the  l i m i t i n g  cases of the ha l f  and  f u l l y  
(p = a/2, f3 = w),one has 

= po R2 cotg w pa, 2 

&=w 
- - *Po R2 cos w. IEI 

and T = IC - 2 5 .  
lluminated cone 

It is seen that i f  s i n  w < l / a  the fo rce  a t  p = r(/2 is s t ronger  than 
t h a t  a t  f3 = w; that is ,  with s u f f i c i e n t l y  s l ende r  cones ,the decrease 
of the fo rce  wi th  increas ing  f3 w i l l  not continue i n d e f i n i t e l y  up t o  
f3 = x/2. It can be shown t h a t  i n  such circumstances, the fo rce  goes 
through a minimum followed by a maximum and ends up decreasing a t  
f3 = a/2. I n  the s p e c i a l  case where the fo rce  magnitude here  is iden- 
t i c a l  wi th  t h a t  a t  = w ( s i n  w = l / x ,  w = 17.5") , the  minimum was found 
a t  f3 = 19.5",  the maximum a t  f3 F= 58". 

With w = 33",  the magnitude of the fo rce  on a non-ref lec t ing  cone 
decreases through the e n t i r e  &interval from p = 0 t o  p = n / 2 .  From 
u n i t y  a t  p = 0 i t  is down t o  0.84 a t  p = w, and t o  0.49 a t  p = d 2 ,  
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V. CONCLUDING REMARKS 

Diffuse re-emission w a s  thought i n  the foregoing t o  be governed by 
Lambert's cosine l a w .  This l a w  furnished the  model from which t o  ca l -  
c u l a t e  the o v e r a l l  d i f fus ion  fo rce  a c t i n g  on an elemental  sur face .  Fran 
the i n t e n s i t i e s  re-emit ted i n  the  seve ra l  d i r e c t i o n s ,  corresponding l i g h t  
forces  were determined and added up v e c t o r i a l l y .  

Other approaches t o  the  problem of d i f f u s e  r e f l e c t i v i t y  can be 
imagined. 

A s  a n  example, one may assume that a n  i n f i n i t e s i m a l  half-sphere 
e rec ted  over the elemental  su r f ace  is  uniformly i l luminated by the  
d i f f u s e l y  r e f l ec t ed  l i g h t .  Contrary t o  Lambert 's r u l e ,  i t s  in tens-  
i t y  then would  be the same i n  a l l  d i r e c t i o n s .  This e n t a i l s  that 
a g r e a t e r  part  than before  of the re-emit ted energy is caught up i n  
cance l l ing  "s t resses"  para l le l  t o  the elemental  su r f ace .  Computation 
shows t h a t  t he  f a c t o r  2/3 i n  expressions (4) and (9) is  t o  be replaced 
by 1 / 2 ,  s o  that instead of (1 - q ) / 3  i n  the  fundamental expression (10) 
one has t o  w r i t e  (1 - q) /4 .  

I n  both these  approaches f i c t i t i o u s  model forces  are  t r e a t e d  as i f  
they were ac tua l  forces ;  the f a c t o r s  2 / 3  and 1 / 2  a r e  unce r t a in  t o  t h i s  
ex ten t .  From the random d i s t r i b u t i o n  of the  su r face  i r r e g u l a r i t i e s  one 
would conclude that the in t eg ra t ed  fo rce  a c t u a l l y  exer ted on the su r -  
face element i n  d i f f u s e  r e f l e c t i o n  should be e s s e n t i a l l y  i n  the  d i r ec -  
t i o n  of the i n t e r i o r  su r f ace  normal (as i n  f a c t  i t  turned out  t o  be 
w i t h  the two models). Without going i n t o  any more d e t a i l ,  one might 
argue that the  amount of energy not  r e f l e c t e d  specu la r ly  is  r e f l e c t e d  
d i f f u s e l y ,  thus converting the  f a c t o r  2/3 i n  expression ( 4 )  i n t o  u n i t y  
and the term (1 - q ) / 3  i n t o  (1 - q) /2 .  

From a l l  t h i s  i t  would seem that the "diffusion" po r t ion  of the  
force  d i f f e r e n t i a l  (10) is l i k e l y  t o  be propor t iona l  t o  a f a c t o r  beixeen 
(1 - q ) / 2  and (1 - q) /4 .  

To i l l u s t r a t e  the  d i f f e rences  involved the fo rces  a r i s i n g  wi th  
K = 1 on the f u l l y  i l luminated cone w i t h  ha l f -angle  w = 33" were com- 
puted using the l a r g e s t  f a c t o r  (1 - q ) / 2  i n  order  t o  compare them w i t h  
those previously found f o r  (1 - q) /3 .  I n  the  worst  case ( q  = 0; exclus- 
i v e l y  d i f f u s e  r e f l e c t i o n )  the fo rce  magnitudes a r e  mul t ip l i ed  by nea r ly  
the  same fac to r  1 . 2  i n  the  e n t i r e  range 0 6 p 5 w, whereas the  fo rce  
inc l ina t ions  toward the  cone a x i s  decrease by a r a t h e r  constant  f a c t o r  
of aga in  1.2.  A tendency of t h i s  kind i s  i n  keeping wi th  w h a t  an  
e a r l i e r  r e s u l t  should suggest  t o  expect from increas ing  d i f f u s i v i t y ;  
t he  fo rce  on the cone becomes s t ronge r  and l e s s  i nc l ined .  I ts  moment 
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about the  o r i g i n ,  however, and thus the  center  of pressure,  a r e  inde- 
pendent of speculat ions on the magnitude of the d i f f u s i o n  p a r t ,  because 
w i t h  f u l l  i l lumina t ion  the l a t t e r ' s  l i ne  of a t t a c k  is t h e  cone ax i s .  
The d i f f u s i o n  torque therefore  is zero i r r e s p e c t i v e  of the  choice of 
n i n  (1 - q) /n  and, by the way, of all other  c h a r a c t e r i s t i c  q u a n t i t i e s  
such R, L, q ,  K. 
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